
M a orientable 7 a volume form

For an orientable mfd M the volume writ a volume form

at TCM is defined by Sms
If furthermore M is apt then fond Cto

pay If RED M is a volumeform then far is also a whim

form if f is a nowhere vanishing function

Rat To some extent div x detects how the volume winter changes

More precisely Aydt

S divide S Lx r tf 1 letter
In dah S it s the Senor



6 Applications

For a aptmfd M the space rich is an a ly dim vector

space over er
b c I m Carr

I ve tospare oar IR

r m I do 1 derma I i'in
exact n form

Consider In M qua H M IR

Thurlow H M IR is fur te din't over 112
convertedwithoutbld

pry If M is apt and orientable then forany class a a

E H MYCRI the integration

2 OJ no Smo
is well defined and surjective to IR Moreover is a homomorphism

with Ker 407 H M R In particular dim H MY K 1



I For Ot do so cot dry a we have

fan at dr Smo Smdr Smd tf Sma
b c an p

Since M is orientable I w where vanishing n form

Rt TCM In particular
Ifaf

dx n nd xn with f o

for each local chart so far o e R Hence l maps

onto IR by rescaling r

4 is obviously a homomorphism It suffices to show

if x a Sma o then D do for some stria

The proof is given by local argument
and induction

2 for
co oil

I find x o Iga at dga fix dx
oil T form
aptsupp into it simply set g k S fetidt



Rmf Fact H M a to if M is orientable

Rink All the argument
works in the same way for um apt af

or mfd with bold simply consider opt supp
n form

In fact H M R is called the n th ortop de Rham

cohomology group usually denoted by
Hdr M 112 For a general

de Rham cohomologytheory
see next lecture

pry Moser's trick Let M be a cpt connected mfd without yd

and so I Edm M be two volume forms Then

Smr Smr A 79 MD s t Mr er

af ban change formula

Im so r to III ro ri do for Otra



Consider It tar t Then It is a volumeform

for every te CoD so I vector fields Xt s t

2x Rt Rt X r

e time dependent

Dente by let the I par groupof differ generated by Xx

did Exo
Then

HIII WE It Cdt
HIx r ext su sp
do text dr 0

Pt try a constant

D
Y't r r



Mfd with corner rally it lurks like comer

local model
1

one extend the definition of mfd with bld to mfdwelcomes

d g Lot É Loti It 2 Mxn aux n u

M X 2N

The Stokes thus holds for mfd wich corner

E M smooch uld to 2 Con M are path homotopic

smooch curve with endpts fixed Then for any clod I form

aerial we have S2 O S O



Ft o

orientate it I
on 2 isnt A E D fixedpt

Then for OE d M

0 Saga fatal 0 Sad Aa

stigmata
Kk the same argument auks for

S A 212 2
any piecewise swivel canes Saa Saato and t that are htp

positive
mental

Tatewith endpt fixed
orientation

D



as If M is a

sycee
ed mfd then any closed

Tl M 0

I form O is exact ie O d f for some ten f
e CCM R

By top assumption any loop
2cm contrasts to the

base pt therefore by Cor cobwe

S y
0 S O 0

Then define f M IR x fix fi le where
Xo is any fixed basept in M and S O means Stammering o

Xu to x

Notethat this is well defined
and independentof JOne can check that If Q

Lf proof of the explicit propof deRhamthe above



Rut On R'lol consider t form

O ftp.dxt yzdy

Then
do 41ft dyndxt K I dxndy

I o

Therefore O is a closed l form on 1124501

Claim O it Not exact

If so O If then consider circle F Rt cost Sint

for te ont then

Soo f df Say f o

stokes

Sy o F f sint sint dtt cost cost.dt f set at
e

parametrization



This indicates that simply connected condition in the precious

con can not be removed

Thi also indicates that difference between closed forms

and exact forms can detect topology e.g IR soles

Informally
Top dhmexact forms

This is more or less what dekhans theory say see later lecture


